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System Qualities

To present all possible outcomes of a system/model is not a
practical way. We need some concepts to comprehend the
system behaviour.

S

Stability and equilibrium

» time

Response to a disturbance
Sensitivity to changes
Controllability

Observability

These system properties can be modified with a feedback
mechanism.
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1. Stability and equilibrium

. Stability tells how a -
system reacts on (small)

disturbances. If it Stable & in Not stable but
o equilibrium in equilibrium

recovers, it is stable

(resilient) to that Q/ / %

disturbance

Stable but not ~ Neither stable nor
in Equilibrium  in equilibrium

» Equilibrium is a matter of
balance

) Stability region )

2. Response to a disturbance

H Transient part Stationary part
Step fone o N“ RS s s e
[ input R o ::,;ﬂ T\_LV..‘.,»."T\w,.,q...u.,.,.‘...w‘,,‘... ..
MODEL [ /' Step response
Rise time

# The time constant tells how fast the system will change to a new
condition. E.g. for the first order system below, dX/dt=Flow/T
where the time constant T is 5 time units.




3. Sensitivity

How much does a quantity, Q, change when a
parameter, p, in the system/model is changed?

= MODEL F—p Q

e

This parameter sensitivity is quantified by dQ/dp
(absolute changes), or (dQ/Q)/(dp/p) (relative
changes, e.g. given in per cent).

There is often a ”stability-sensitivity dilemma”

The stability — sensitivity dilemma

How can a system be sensitive and adaptive,
while maintaining a sufficient stability?

It is essential that the system is stable to short-
term fluctuations, or common insignificant
events, while it should also be able to react to
weak signals and rare important events, as well
as adapting to long-term changes.

How to achieve this?




4/5. Controllability & observability

» Controllability: To what degree can you control
a system, so that its states take on some
predetermined values (e.g. number of rabbits,
pH value, amount of wood in forest etc.)?

» Observability: Can you observe or deduce the
values of the states?

» Some parts of a system may be controllable,
others not. Some states may be observable,
others not

Schemes to describe a system

Causal scheme: Describes how the system components
are structurally related, which component interacts with
which, and what type of interaction it is.

Dynamic scheme: For example, DYNAMO or Powersim.
Dynamics is created when a state is changed due to in- and outflows

State State
In <., Dyt Out
ey h




1. FLOW MODELS (e.g. Powersim)
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The state only changes because of in- and out-flows. a) This may be shown
explicitly for each flow. b) We can sum up the flows to one total inflow and
one total outflow. ¢) We can collect all flows into one Netflow fy,,=>Inflows
- 20utflows. Then we can write dx/dt=fy,,(x,u) which is what we will use
int the mathematical discussions below.

State - the dynamic equation

® The only dynamic component is the state| X

® The state is dynamically related to the flows via a
differential (or integral) equation: dx/dt=f(x,t).

* The solution is achieved by integrating over time:

)\521?4(9: x(0) + Ifzx,t)dt where x(0) is the initial

0

® |n simulation the integration is done numerically.




Algebraic equations

e |nitial value
dx/dt=f(x,t) describes how x changes over time.

But not where x is. By defining x(t=0)=x, we have picked a
start value which together with the "change equation™
dx/dt=f(x,t) defines the development over time.

Algebraic equations - continued

* Rate equation @

e Auxiliary equation ()

e Constant equation <>

Only + - * and / are involved in an
algebraic relation (no derivatives).




The building blocks in Powersim

Dynamic
component
—
@4 Algebraic
Q components
<

dx1/dt
dx2/dt
y=x1+x2 (total number of animals)

a'x1-b-x1x2
cx'1'x2-dx2

(y is the output we want to observe!)

2. THE MODEL IN MATHEMATICAL FORM
A simple system with one input and one output

Structural model

Input Output

Black box model

u

y

dx,/dt = f,(Xq, X5, X3, U)
dx,/dt = f,(Xq, X5, X3, U)
dxs/dt = f3(Xq, X5, X3, U)

Y = g(Xg, Xp, X3, U)

Input Output
u y

dPy/dt3+a,d?y/dt>+a,dy/dt+a,
y=u

(Information about inners
structure 1s lost.)

An n:th order differential equation can always be rewritten as
a set of n first order differential equations!!

Note the difference between a physical outflow (Powersim) and output y!
The output y is what you look for - it does not have to be a flow!




3. ANALYTICAL SOLUTION OR
SIMULATION?

Given a system of differential and algebraic equations
(including initial values for each state) the task is to
calculate how the quantities change over time.

* In mathematics there are methods to do this if the
equations are simple enough.

* Numerical calculations begin at the starting time. Then
the changes caused by the differential equations are
calculated a small step of time ahead and the algebraic
equations are recalculated (because the states have
changed). Stepwise new approximations are calculated
time step by time step until you finish the calculations.
This works for any complex model.

Analysis and simulation

Analytical solution

Advantage: The solution is given in a closed form (formula),
which provides good insight into the problem. You get all
solutlons for varying initial values and model parameters.

(% the system dx/dt=-ax and x(0)=b gives the solution
x(t

beat

Drawback: 1t is only possibly in very special cases to find
analytical solutions, e. g. for linear or very simple non-linear
models. In some cases approximate solutions can be found by
linearisation of a non-linear model.

Simulation

Advantage: Can handle all types of models. Complexity is not
the problem.

Drawback: One simulation is just an experiment. To get a
good understanding of the model it is often necessary to

make a large number of simulations. Still the results cannot
be summarised in a formula.




Population dynamics

For the continuous change of population size, we

have:
an =rN|1- N
dt K
where

N = number of individuals in the population at time t
r = maximum rate of growth

K = carrying capacity of population, number of
individuals at equilibrium

(a) Population size
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Figure 5.1a The increase in size of a 1 popul-
jon through time the data in Table 5.1. The
population shows por al growth.
()  Log (pop )
.
semi-
log
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Figure 5.1b A semi-log plot of the data from Table 5.1 with
the population size plotted as log, , population size.




Population growth curves

Numbers of Paramecium
600

500

400

Time (days)

Population change under logistic growth

(a) ‘} Number in population
K —
0 - >
b A Time
dN
dt
0 Number in population K™

10



Evolutionary strategies

Growth curves can typically be J-shaped or S-
shaped, depending on the life strategies of the
species.

The growth process can be dividet into four phases:

— phase 1, establishment, slow growth
— phase 2, maximal growth

— phase 3, the growth is leveling off as the carrying
capacity of the environmant is approached,;
regulating processes

— phase 4, dynamic equilibrium (for S-shaped growth)
Organisms with J growth have an ”r-strategy”,
organisms with S growth have a ”K-strategy”’.

Evolutionary strategies
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Continuum

i ——

Character r-strategy K-strategy
Population size Variable Constant
. . Usually below the In equilibrium
maximum the Near the
C h araCte r I Stl CS rm'imnmvnt{ﬁm ml.nxinurm the
Of O u Iati OnS support environment can
p p support
Emigration Recolonisation
at the eXtremeS common uncommon
Recolonisation
of r- and K- i
Mortality Often high Often regular

strategy el S

dependent®

Survivorship
curve (semi-log ‘-\ | \

plot)

Competition Poor competitor Good competitor

Life span Short Usually more than
one year to very
long

Environment Variable and Constant or

unpredictable variable but

predictable

Regulation of population dynamics

> Types of regulation (environmental factors)
* Constantly limiting factors
* Variably limiting factors
* Unpredictable factors

> Space

» Food and water

» Territories

» Herbivores and predators
» Weather and climate

» Parasites and diseases

» Natural disasters

» Self-regulation and stress
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The Adaptive Cycle

UTTLE —> STORED

4 REORGANIZATION 2 CONSERVATION
|
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® K - strategy
® Climax
® Consolidation

® Accessible carbon
® Nutrients & energy

® Fire

. Vﬁlﬁr‘ 5;:.‘Itr-gy
® Storm

® Pioneer
® Cpportunist

1 EXPLOITATION 3 RELEASE f

WEAK — 3 CONNECTEDNESS — > STRONG

(Holling, 1992)

The model of the
adaptive cycle focuses
attention upon
processes of
destruction and
reorganization,
which are often
neglected in favor of
growth and conser-
vation. Including these
processes provides a
more complete view of
system dynamics that
links together
system organiza-
tion, resilience, and
dynamics.

Dynamical balance between
predator and prey
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The Lotka-Volterra model

The Austrian mathematician A.J. Lotka
(1880-1949) and the Italian mathematician
V. Volterra (1860-1940) suggested a simple
model for the way populations of predators
and prey interact.

Let x,= f({) denote the predator

population and x,= g(# denote the prey
population at time £ The predator could be
a foxes, and the prey could be a rabbits.

Lotka-Volterra model (contd.)

Assume that, in the absence of predators, so
would the prey population /ncrease with a rate of
px; proportional to the amount, but in the
presence of predators, these would consume the
prey with a rate of gx,x, proportional to the
product of the numbers of predators and prey
(with p and g positive constants).

The netto change, adx./dt of x,is given by the
rate of growth of the prey, minus the rate of
change at which the prey is eaten by the
predator, i.e. T 1)

L = px, — gx,x
o pPx, qx,x,

14



Lotka-Volterra model (contd.)

Assume that, if there were no prey, the predators
would starve and the population would decrease
with a rate of rx, proportional to the number, but
in the presence of prey, the predator population
would increas with a rate, sx,x,(with rand s
positive constants). These assumptions result in a
second DE, d,

= —rx, + SX,X (2)
dt_ 1 12

The equations (1) and (2) make up a system of DE,
called the Lotka-Volterra model.

The Lotka-Volterra model

For two species that som interact in a
predator-prey relation, we can set up a Lotka-
Volterra model, where x, represents the prey
and x, the predator:

dx,
dt
dx
—2 = —X, + ﬂxl‘xZ
dt
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Lotka-Volterra model
In Powersim denotation:

Lotka-\Volterra model

Volterra equations:

3=0.2, b=0.005, ¢=0.005, d¢=0.3, k=0.001
gives stat. values: X(0)=60, Y{D)=28

#=0, Y=0

¥=ak, ¥=0

STATIONARY VALUES:

¥=dfc, Y=(a-kd/c)/b

[Hare Foxes became extinct! ]
LY

200
150
100

0 100 200 300 400 500
Time

—_RAaBBIT

—FOX

Conclusions: 1) Stochastics excites dynamics! (Started in equilibrium?)

2) A stochastic model may switch to another dynamic mode!
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